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1. Introduction
Passive multilateration system is a wireless position
system used by the air navigation service provider 
(ANSP) to determine the positions of aircraft. The system 
estimate aircraft position using a two-stage process [1, 2]. 
The first stage involves estimation of time difference of 
arrival (TDOA) of the aircraft electromagnetic (EM) 
emission detected at pairs of ground receiving station 
(GRS)s [3]. The coordinates of the deployed GRSs are 
used together with the estimated TDOAs from the first 
stage as inputs to a lateration algorithm to estimation the 
aircraft position in the second stage [3]. Several type of 
approaches to the lateration algorithm have been reported 
but in this paper, the closed-form lateration algorithm is 
used [1, 4, 5]. It is the most suitable for passive 
surveillance purposes and does not surfer convergence 
issues which is one of the limitations of the other 
approaches. A 3-dimensional (3-D) or 2-dimensional (2-
D) positioning of an aircraft with the MLAT system
depends on the number of GRSs deployed. To estimate 
aircraft position in 3-D, a minimum of four GRSs is used 
[1].  
Several approaches to TDOA estimations have been 
reported in literatures [6–9] but the most commonly used 
approach is the cross-correlation (CC)  method [8, 9]. The 
CC method is used particularly in the case of constant 
delay, stationary process and long observation intervals 
[9]. In practical applications, signals are corrupted with 
noise will leads to TDOA estimation error.  Error in the 
TDOA measurements subsequently results in inaccurate 
aircraft position estimation (PE) by the MLAT system 
[2]. The signal-to-noise ratio (SNR) provides a 
measurement to compare the signal power with respect to 
the noise power and its value at the any of GRSs varies 
with different path loss propagation models. Thus, the 
path loss propagation model between the aircraft and the 
GRSs contributes to the PE accuracy of the MLAT 
system [10, 11]. In this paper, the effect of the 
propagation model on the 3-D PE of a minimum 
configuration MLAT system is determined. Two models 
are considered namely Okumura-Hata model and free 
space path loss (FSPL) model.  
The reminder of the paper is organized as follows: 
Section 2 provide the TDOA estimation methodology 
based on CC while Section 3 discusses on the signal 
propagation path loss model and effective SNR.  The 
MLAT PE methodology using the closed-form lateration 
algorithm is presented in Section 4 followed by the 
simulation result and discussion in Section 5. Finally, the 
conclusion is presented in Section 6.  
2. TDOA Estimation Methodology
The MLAT system utilizes TDOA measurements
that are estimated from the signals received at GRS pairs 
to perform PE. At each GRS, the received signal is down-
converted from radio frequency (RF) to the intermediate 
Abstract: The 3-Dimensional (3-D) position estimation (PE) accuracy of a multilateration (MLAT) system 
depends on several factors one of which is the accuracy at which the time difference of arrival (TDOA) 
measurements are obtained. In this paper, signal attenuation is considered to be the major contributor to the TDOA 
estimation error and its effect based on path loss propagation model on the PE accuracy of the MLAT system is 
determined. The two path loss propagation models considered are: Okumura-Hata and the free space path loss 
(FSPL) model. The transmitter and receiver parameters used for the analysis are based on actual system used in the 
civil aviation surveillance. Monte Carlo simulation result based on square ground receiving station (GRS) 
configuration and at some randomly selected aircraft positions show that the MLAT system with the Okumura-
Hata model has the highest PE error. The horizontal coordinate and altitude errors obtained considering the 
Okumura-Hata are 2.5 km and 0.6 km respectively higher than that obtained with the FSPL model.  
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frequency (IF), which is then used for the TDOA 
estimation process. The transmitted signal is defined as: 
 
( ) ( )cos(2 ) ( )cx t m t f t rect t    (1) 
 
where 𝑚(𝑡) is the message content of the signal, 𝑓𝑐 is the 
carrier frequency of the signal, and 𝑟𝑒𝑐𝑡(𝑡)  is a 
rectangular function defined as: 
 
1 0
( )
0 elsewhere
t T
rect t
 
 

  (2) 
 
The signal received at the i-th and the m-th GRSs 
respectively are: 
 
( ) ( ) ( )i i ix t x t n t       (3) 
 
( ) ( ) ( )m m mx t x t n t      (4) 
 
where 𝜏𝑖 and 𝜏𝑚 are the delays in the signal received by 
the i-th and the m-th GRSs respectively. 𝑛𝑖(𝑡) and 𝑛𝑚(𝑡) 
that are independent uncorrelated noise sources with zero 
mean and variance 𝜎𝑛,𝑖
2  and 𝜎𝑛,𝑗
2  respectively. 
The CC is used to estimate the TDOA between the 
received signal obtained at GRS pair and is defined as 
[9]: 
 
( ) [ ( ) ( )]
i mx x i m
R E x t x t      (5) 
 
The TDOA (𝜏𝑖𝑚) between the signals estimated from the 
peak of CC from Eq. (5) is: 
 
 arg_max ( )
i mim x x
R

     (6) 
 
TDOA estimation error is produced due to the noise 
present in the signal, as shown in Eq. (6). Modelling the 
error as zero mean Gaussian random variable with normal 
probability density function, the estimated TDOA 
measurement is [12]: 
 
 ˆ 0,im im imN     (7) 
 
where im  is the TDOA estimation error standard 
deviation (SD) and in this paper, it is assumed to depends 
on the effective SNR between the i-th and m-th GRS pair.   
 
3. Signal Propagation Model and Effective 
SNR 
In Section 2, it was concluded that the TDOA 
estimation error SD depends on the effective SNR 
between GRSs. The SNR of the signal at each GRS 
depends on several factors one of which is the 
propagation model. Table 1 shows a comparison in terms 
base station (BS) antenna height, mobile station (MS) 
antenna height, frequency operation ranges and maximum 
valid coverage of three commonly used outdoor path loss 
models.  
 
Table 1: Outdoor propagation model parameter 
comparison [13, 14]. 
Parameter 
Path loss model 
Okumura-
Hata  
model 
Hata  
model 
COST 231 
MS 
antenna  
Height  
(m) 
1 to 3  1 to 10  1 to 10  
BS 
antenna  
Height  
(m) 
30 to 1000  30 to 200  30 to 200  
Frequency  
Range  
(MHz) 
150 to 1920 150 to 1500  1500 to 2000  
Coverage 
 (km) 
≤ 100  ≤ 10  ≤ 20  
 
In the context of MLAT system, the BS antenna height 
corresponds to the altitude of the aircraft from the 
horizontal plane while the MS antenna height 
corresponds to GRS antenna height. According to 
international civil aviation organisation (ICAO) standard, 
the minimum safe altitude (MSA) at which an aircraft can 
fly is 1000 ft (~300 m) [15]. This means that the Hata and 
COST 231 propagation model cannot be used in 
calculating the SNR of the signal at each GRS as the 
maximum antenna height to enable the used of these 
models is 200 m.  Thus, in this paper, the signal 
propagation path loss model considered for estimation of 
received SNR at each GRS are the Okumura-Hata and 
free space path loss (FSPL) model.  
 
3.1 Path Loss Model  
In this section of the paper, mathematical derivations 
of the signal attenuation based on the FSPL and 
Okumura-Hata propagation model is presented.   
 
3.1.1 Signal Attenuation based on FSPL 
Propagation Model  
The FSPL model is used under the assumption that the 
aircraft and GRS have a clear and unobstructed line-of-
sight (LOS) path between them. For an aircraft located at 
coordinates (𝑥, 𝑦, 𝑧), the FSPL attenuation of the signal 
received at the i-th GRS with coordinate  (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖) is 
mathematically expressed as [14]:  
 
 , 10
10
32.44 20log ( )
20log ( )
FPSL i i
c
PL dB d
f
 

  (8) 
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where 𝑓𝑐 is the carrier frequency of the signal in MHz and  
𝑑𝑖 is the 3-D Euclidean distance between the aircraft and 
the i-th GRS obtain using Eq. (9). 
 
     
2 2 2
i i i id x x y y z z        (9) 
 
3.1.2 Signal attenuation based on Okumura-
Hata Path Loss Propagation Mode 
In the calculation of the signal attenuation, Okumura-
Hata model takes into account several propagation 
parameters such as the terrain irregularity, building type 
and density.  Mathematically, the signal attenuation at the 
i-th GRS for a medium-small city based on Okumura-
Hata model is [13]: 
 
 
   
  
, 10
10
10
( ) 69.55 26.16log
13.82log
44.9 6.55log
okumura i c
i
i
PL dB f
z a z
d
 
 
 
 (10) 
 
where 
 
  
  
10
10
1.1log 0.7
1.56log 0.8
c i
c
K f z
f
 
 
   (11) 
  
3.2 Effective SNR between GRS pair  
The received power at the i-th GRS is 
mathematically obtained as:   
 
i
r t t r iP P G G PL       (12) 
 
where 𝐺𝑡  and 𝐺𝑟  respectively are the transmit and 
received antenna gain in dBi and 𝑃𝐿𝑖  is the signal 
attenuation obtained using either Eq. (8) or Eq. (10). The 
received SNR at the i-th GRS is now obtained as:  
 
i
i r nSNR P P      (13) 
 
where  𝑃𝑛 is the receiver sensitivity in dBm. 
 
TDOA estimation involves the use of GRS pairs. Let 
the m-th GRS be the GRS paired with the i-th GRS (as 
reference) for the TDOA estimation. The received SNR at 
the m-th GRS based on Eq. (13) is  
 
m
m r nSNR P P      (14) 
 
The effective SNR for the TDOA estimation between the 
i-th and m-th GRS pair is mathematically obtained as 
[16]:  
 
 
, 1
1 1 1
min ,
i m
eff
i m i m
i m
SNR dB
SNR SNR SNR SNR
SNR SNR

 


 (15) 
 
4. MLAT Position Estimation Methodology  
After the TDOA measurements have been estimated 
from GRS pairs, the next stage is the estimation of the 
location of the aircraft using the lateration algorithm. The 
TDOA measurement in Eq. (7) is related to the aircraft 
position as follows: 
 
     
     
2 2 2
2 2 2
ˆ ˆ
im im
i i i
m m m
d c
x x y y z z
x x y y z z
 
     
     
 (15) 
 
Eq. (15) is known as the range difference (RD) equation 
which corresponds to the distance equivalent of the 
TDOA measurements in Eq. (7). Also, the RD estimation 
(RDE) error SD is the distance equivalent of the TDOA 
estimation error SD. With a total of four GRSs and GRS 
pair as reference, four independent RD equations in the 
form of Eq. (15) are obtained [1]. Let the remaining two 
GRSs be labelled j-th and k-th. With the i-th and j-th GRS 
as reference stations for TDOA estimation and the m-th 
and k-th as non-reference stations, the remainder of the 
three RD equation are  
 
     
     
2 2 2
2 2 2
ˆ
ik i i i
k k k
d x x y y z z
x x y y z z
     
     
 (16) 
 
     
     
2 2 2
2 2 2
ˆ
jm j j j
m m m
d x x y y z z
x x y y z z
     
     
 (17) 
 
     
     
2 2 2
2 2 2
ˆ
jk j j j
k k k
d x x y y z z
x x y y z z
     
     
 (18) 
 
Algebraic manipulation of Eq. (15) to Eq. (18) as done in 
[1], two 3-D plane equations are obtained as follows: 
 
, , , , , , , ,i k m i k m i k m i k mA xB yC zD     (19) 
 
, , , , , , , ,j k m j k m j k m j k mA xB yC zD     (20) 
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where the coefficients of Eq. (19) and Eq. (20) depends 
on RD measurements and GRSs coordinates which can be 
found in [1].  
The unknown in Eq. (19) and Eq. (20) is the aircraft 
position (𝑥, 𝑦, 𝑧). To solve for the aircraft position, the 
horizontal coordinates x and y are expressed as a function 
of altitude z resulting into two equations [1]. The two 
equations which are function of z are substituted into one 
of the RD equations i.e. Eq. (15) and further 
simplification will result in a second order quadratic 
equation as a function of z. The solution to the second 
order quadratic equation with the positive value is chosen 
as the estimate aircraft altitude which is then substituted 
into the earlier obtained equations for the 𝑥  and 𝑦  to 
obtain the estimated horizontal coordinates.  Detail 
derivations of the procedure to obtain the aircraft position 
using Eq. (19) and Eq. (20) is presented in [1]. 
Aircraft positions for surveillance purposes are 
displayed in terms of range (𝑅), bearing (𝜃) and altitude 
𝑧   which corresponds to the cylindrical coordinate 
system. In the remainder of the paper, aircraft positions 
will be defined in cylindrical coordinate system that is 
(𝑅, 𝜃, 𝑧) and conversion from the cylindrical coordinate 
to Cartesian coordinate system can be done using Eq. 
(21).  
 
 cosx R                  (21a) 
 
 siny R                  (21b) 
 
z z                  (21c) 
 
4.1.Reference Station Selection for TDOA 
Estimation   
Beside TDOA measurement error, another factor that 
contribute to the PE accuracy of the MLAT system is the 
choice of reference station for TDOA estimation. In this 
paper, reference station selection technique proposed in 
[1] is adopted. A matrix 𝐌𝑖𝑗  was derived that has as its 
entries only the RD measurements as shown in Eq. (22). 
 
 
 
1
0
ˆ ˆ
1
0
ˆ ˆ
im in
ij
jm jn
d d
d d
 
 
 
  
 
 
 
M   (22) 
 
With four GRSs and GRS pair as reference, six 
possible combinations of reference station pair are 
obtained. Let the deployed GRSs be GRS-1, GRS-2, 
GRS-3 and GRS-4, summary of all the possible reference 
station pair combinations is presented in Table 2. Each of 
the reference station pair combinations in Table 2 is used 
in generating RD measurements which are substituted 
into the matrix in Eq. (22). The reference station pair 
combination whose PD measurements resulted in the 
least condition number value is chosen to be used with 
the lateration algorithm for PE. 
 
Table 2: Possible combinations of reference stations pairs 
GRS pair 
Reference  
stations  
Non-reference 
 station  
i-th j-th m-th n-th 
Pair 1 GRS-1 GRS-2 GRS-3 GRS-4 
Pair 2 GRS-1 GRS-3 GRS-2 GRS-4 
Pair 3 GRS-1 GRS-4 GRS-2 GRS-3 
Pair 4 GRS-2 GRS-3 GRS-1 GRS-4 
Pair 5 GRS-2 GRS-4 GRS-1 GRS-3 
Pair 6 GRS-3 GRS-4 GRS-1 GRS-2 
 
5. Results and Discussion 
In this section of the paper, the effect of the path loss 
propagation models presented in Section 3 on the PE 
accuracy of the MLAT system is presented. The position 
root mean square error (RMSE) is used as the 
performance measure to evaluate the PE accuracy of the 
MLAT system. Mathematically, the horizontal coordinate 
and altitude RMSE is mathematically expressed as: 
 
 
 
2
2
1
ˆˆ cos( ) cos( )1
ˆˆ sin( ) sin( )
N n n
rmse
n
n n
R R
H
N
R R
 
 
 
 
  
   

(23a) 
 
 
2
1
1
ˆ 
N
rmse n
n
Z z z
N 
                (23b) 
 
where (𝑅, 𝜃, 𝑧)  is the known aircraft position and 
(?̂?𝑖, ?̂?𝑖 , ?̂?𝑖) is the estimated aircraft position at the n-th 
Monte Carlo simulation realization (𝑁 = 100).  
For the analysis, the squared GRS configuration is 
considered which has been shown in [1, 17] to produce 
the best PE performance. The distribution of the GRS is 
shown in Fig. 1.  
 
 
Fig. 1: Square GRS configuration with 5 km separation 
 
The transmitter and receiver parameters used for analysis 
are based on actual system used in the aviation industry 
which are presented in Table 3 [18–20].  
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Table 3: Transmitter and receiver simulation parameters  
Parameter Value 
Transmit power 250 Watt 
Carrier frequency 1090 MHz 
GRS receiver sensitivity -90 dBm 
GRS antenna gain 12 dBi 
Transmitter antenna gain 3 dBi 
 
 
 
(a) Okumura-Hata path loss model 
 
 
(b) FSPL 
Fig. 2: Effective SNR comparison within 100 km MLAT 
coverage radius 
 
5.1 Effective SNR and RDE Error SD 
Comparison 
In this section of the paper, the effective SNR 
between GRS pair obtain using the FSPL model based on 
Eq. (8) and the Okumura-Hata path loss model based on 
Eq. (10) are obtained and compare for aircraft positions 
within 100 km coverage radius and at 1 km altitude. Fig. 
2 shows the effective SNR comparison between the two 
path loss models. Irrespective of the path loss model 
used, the effective SNR increases with increase in the 
aircraft horizontal range from 0 km to 100 km but 
remains constant with change in the aircraft bearing. 
Comparison between the two-path loss model shows that 
the Okumura-Hata model has the least effective SNR.  
For instance, at an aircraft horizontal range, 𝑅 = 50 𝑘𝑚, 
the effective SNR based on the Okumura-Hata model is 
17 dB while based on the FSPL model is 31 dB.  On the 
average, within the 100-km coverage radius, the 
Okumura-Hata path loss model results in an SNR that is 
14 dB less than the FSPL model. 
 
 
(a) Okumura-Hata path loss model 
 
 
(b) FSPL 
Fig. 3: RDE error SD comparison within 100 km MLAT 
coverage radius 
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(a) Okumura-Hata path loss model 
 
(b) FSPL 
Fig. 4: Horizontal coordinate RSME comparison 
 
Using the effective SNR at each aircraft position, the 
RDE error SD for the two path loss models are obtained 
and compare as shown in Fig. 3. Irrespective of the path 
loss model, the RDE error SD varies with aircraft 
position. It increases with increase in range from 0 km to 
100 km but relatively constant with change in bearing. 
RDE error comparison for the two-path loss model shows 
higher RDE error SD with the Okumura-Hata path loss 
model as compared to the FSPL. This is due to low values 
of effective SNR obtained using the Okumura-Hata path 
loss model. 
The RDE error SD at each aircraft position is used in 
obtaining the estimated RD equations which are 
subsequently used in generating the two plane equations 
in Eq. (19) and Eq. (20).  These equations are used to 
obtain the estimated aircraft positions. The accuracies at 
which aircraft positions are estimated for both the 
Okumura-Hata and FSPL model are determined and 
compared in the next section. 
 
 
5.2 MLAT PE Accuracy Comparison  
In this section of the paper, the PE accuracies 
comparison of the MLAT system based on the Okumura-
Hata and FSLP model are obtained and compared. From 
section 5.1, it is seen that the RDE error SD dependent 
only on the aircraft range. Thus, for this reason, PE 
accuracy of the aircraft is determined for bearing range of 
0
0
 to 90
0
.  
Fig. 4 and Fig. 5 shows the horizontal coordinate and 
altitude RMSE comparison based on Eq. (23) of the 
MLAT system using the Okumura-Hata and FSPL model. 
The position RMSE increases with increase in the aircraft 
range from 0 km to 100 km. It remains relatively constant 
with the change in aircraft bearing.  Table 4 show the 
position RMSE error comparison obtained by the two 
path loss models at some selected aircraft positions. The 
position RMSE obtained with the Okumura-Hata model 
is higher than that obtained with the FPSL model at all 
aircraft positions considered. For instance, at aircraft 
position E, the horizontal coordinate and altitude RMSEs 
of the MLAT system with the Okumura-Hata path loss 
model are 200 m and 420 m while for the with the FSPL 
model the position RMSE is 0 m. The high position 
RMSE obtained with the Okumura-Hata path loss model 
is due to the low effective SNR between GRS pairs. This 
is because other propagation parameters such as the 
terrain irregularity are considered in the signal attenuation 
calculation unlike the FSPL model which assume clear 
unobstructed path between the aircraft and the GRSs.  On 
the average, based on the selected aircraft positions, the 
horizontal coordinate and altitude RMSE of the MLAT 
system based on the Okumura-Hata model path loss 
model are 2500 m and 600 m respectively higher than 
that obtained using the FSPL model. 
 
6. Summary 
In this paper, the effect of the path loss propagation 
model on the PE accuracy of the 3-D minimum 
configuration multilateration system is determined. The 
path loss model considered are the Okumura-Hata and the 
FSPL. The transmitter and receiver parameter used for 
the analysis are based on actual system used in civil 
aviation. Position RMSE are obtained using Monte Carlo 
simulation with the GRSs deployed in square 
configuration for aircraft positions within 0 km to 100 km 
horizontal range, bearing of 0
0
 to 90
0
, and at altitude of 1 
km.  Simulation result shows that the MLAT system with 
the Okumura-Hata path loss model has the highest 
Position RMSE due to the low effective SNR values 
compared to the FSPL model.  
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(a) Okumura-Hata path loss model (b) FSPL 
Fig. 5: Altitude RSME comparison 
 
Table 4: Position RMSE comparison. Green shade indicates path loss model with the least position RMSE. 
  
Aircraft position 
Position RSME  
(m) 
Horizontal coordinate RMSE Altitude RMSE  
 
Range 
 (km) 
Bearing 
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